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THE SCHLÄFLI FAN
MICHAEL JOSWIG, MARTA PANIZZUT, AND BERND STURMFELS
Abstract. Smooth tropical cubic surfaces are parametrized by maximal cones in the uni-
modular secondary fan of the triple tetrahedron. There are 344 843 867 such cones, organized
into a database of 14 373 645 symmetry classes. The Schläfli fan gives a further refinement of
these cones. It reveals all possible patterns of the 27 or more lines on tropical cubic surfaces,
thus serving as a combinatorial base space for the universal Fano variety. This article devel-
ops the relevant theory and offers a blueprint for the analysis of big data in tropical algebraic
geometry. We conclude with a sparse model for cubic surfaces over a field with valuation.
1. Introduction
A cubic surface in projective 3-space P3 is the zero set of a cubic polynomial
c0w
3 + c1w
2z + c2wz
2 + c3z
3 + c4w
2y + c5wyz + c6yz
2 + c7wy
2 + c8y
2z + c9y
3 + c10w
2x
+ c11wxz + c12xz
2 + c13wxy + c14xyz + c15xy
2 + c16wx
2 + c17x
2z + c18x
2y + c19x
3.
(1)
Here (w : x : y : z) are homogeneous coordinates on P3. George Salmon and Arthur Cayley
discovered in the 1840s that every smooth cubic surface contains 27 lines. Ludwig Schläfli
studied the combinatorics of the lines in his 1858 article [17]. The name of that Swiss mathe-
matician appears in our title, just as it does in the terms Schläfli graph and Schläfli double-six.
The combinatorial strand of algebraic geometry underwent a major shift during the past two
decades, thanks to the advent of tropical geometry [12]. The following question emerged early
on during the tropical revolution: What are all the shapes of smooth cubic surfaces in tropical
3-space, and which arrangements of tropical lines occur on such surfaces? A first guess is that
there are 27 lines, just like in the classical case. But this is false. Vigeland [18] showed that
the number of lines can be infinite. A textbook reference is found in [12, Theorem 4.5.8].
The aim of this article is to give a comprehensive answer to the questions above. We will do
so via a computational study of all smooth tropical cubic surfaces. These surfaces are dual to
unimodular regular triangulations of the triple tetrahedron 3∆3, which is the Newton polytope
of the cubic polynomial seen in (1). The relevant definitions will be reviewed in Section 2.
Our point of departure is the article [16], which classifies the ten motifs that describe the
possible positions of a tropical line on a cubic surface. These motifs are denoted 3A, 3B, . . . ,
3J. They are shown in Table 1. The advance we report in the present work is a large-scale
computation that identifies the motifs of all lines on all tropical smooth cubic surfaces.
Our contribution rests on earlier work by Jordan et al. [11] who developed highly efficient
tools for enumerating triangulations. Their count for 3∆3 in [11, Theorem 19] shows that
there are 14 373 645 combinatorial types of smooth tropical cubic surfaces. Here, the types
are the orbits of the symmetric group S4 by permuting w, x, y, z in the 20 terms of (1). Adding
up the sizes of all S4-orbits, we obtain the total number 344 843 867 of smooth tropical cubics.
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This article is organized as follows. In Section 2 we fix notation, we discuss unimodular
triangulations, and we review basics on lines and surfaces in tropical projective space TP3. We
also recall the classification of motifs from [16]. In Section 3 we present our database of smooth
tropical cubic surfaces, and we discuss the methodology which underlies that database.
Section 4 is concerned with the occurrences of motifs in the unimodular triangulations of
3∆3. Our main result is Theorem 4.1. We present an algorithm for computing occurrences.
This rests on a number of lemmas that describe geometric constraints. The algorithm is
applied to all unimodular triangulations in our database. As a consequence, we now have a
complete list of occurrences of motifs for each of the 14 373 645 types.
In Section 5 we zoom in on particular secondary cones. For each cubic surface of one type,
an occurrence of a motif may be visible or not. Being visible means that there exists a line
for that motif on that surface. Hence, for any specific surface, only a subset of the motifs
occurring in the triangulation is visible. The regions on which that subset is constant are
convex polyhedral cones, namely the Schläfli cones. Thus, each of the 14 373 645 secondary
cones is divided into its Schläfli cones. We present and discuss the result of that computation.
Our purely combinatorial and computational study in this paper lays the foundation for
future work on the nonarchimedean geometry of classical cubic surfaces over a valued field.
In Section 6 we take a step into that direction. We discuss the universal Fano variety and the
universal Brill variety, and we examine the tropical discriminants of these universal families.
In Section 7 we introduce a normal form for cubic surfaces, called the eight-point model.
We argue that this normal form is well suited for both classical and tropical computations.
The tropical surfaces in this model correspond to triangulations of a configuration of eight
points in 3-space. We explicitly compute the universal Fano variety and its tropicalization.
The techniques from computer algebra and polyhedral geometry which led to our results are
at the forefront of what is currently possible in terms of hardware, algorithms and software.
For instance, to determine and analyze the regular unimodular triangulations of 3∆3 took
more than 200 CPU days on an Intel Xeon E5-2630 v2 cluster. Yet the most difficult question
we had to answer was how to make the results of such a large computation available to other
mathematicians. For this we set up a database within the polyDB framework [15]. This can
be accessed via polymake [5] but also without, via an independent API. We believe that this
approach can serve as a model for sharing “big data” arising in mathematical research.
This article is dedicated to the memory of Branko Grünbaum. Grünbaum is famous for his
work on polytopes and arrangements, especially those that admit a high degree of symmetry.
In the literature on these geometric figures, one sees a direct line connecting Ludwig Schläfli
to Branko Grünbaum. This is highlighted by the use of the Schläfli symbol for characteriz-
ing symmetries of polyhedra. We thought the naming was appropriate given that tropical
geometry is an algebraic geometry based on polyhedra.
Acknowledgements. We are very grateful to Lars Kastner, Benjamin Lorenz and Andreas
Paffenholz for their help with the computations for this project. We thank Sara Lamboglia,
Yue Ren and Emre Sertöz for their comments on a manuscript version of this article.
2. Triangulations, Cubic Surfaces and Tropical Lines
In this section we review the basics and known results on which our study rests. For
conventions on tropical geometry we follow the textbook by Maclagan and Sturmfels [12].
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Our tropical semiring is the min-plus algebra (R ∪ {∞},⊕,). We use upper case letters to
denote tropical variables and coefficients. For instance, here is a homogeneous tropical cubic:
44W 3 ⊕W 2Z ⊕ 1WZ2 ⊕ 15Z3 ⊕ 19W 2Y ⊕WY Z ⊕ 9Y Z2 ⊕ 2WY 2 ⊕ 4Y 2Z ⊕ Y 3 ⊕ 38W 2X
⊕WXZ ⊕ 15XZ2 ⊕ 16WXY ⊕ 4XY Z ⊕ 1XY 2 ⊕ 33WX2 ⊕ 16X2Z ⊕ 14X2Y ⊕ 29X3.(2)
The orderings of variables and monomials in this paper is chosen to be consistent with what
is used in polymake [5]. The expression (2) is evaluated in classical arithmetic as follows:
min
{
44+3W, 2W+Z, 1+W+2Z, 15+3Z, 19+2W+Y, . . . , 14+2X+Y, 29+3X
}
.
The tropical cubic surface defined by (2) is the set of all points (W,X, Y, Z) for which this
minimum is attained at least twice. That polyhedral surface lives in the tropical projective
torus R4/R1, but it also has a natural compactification in the tropical projective space TP3.
A standard reference for the material that follows is the textbook by De Loera, Rambau
and Santos [2]. Reading the coefficients of the tropical polynomial as a height function defines
a regular polyhedral subdivision of the 20 lattice points in 3∆3. If the coefficients are generic
enough then the dual subdivision is a triangulation. Moreover, if each of its tetrahedra has
unit normalized volume, then the triangulation is unimodular and the tropical cubic surface
is called smooth. Every unimodular triangulation T of the configuration 3∆3 has the same
f-vector f(T ) = (20, 64, 72, 27). Its boundary has the f-vector f(∂T ) = (20, 54, 36). From this
we conclude that every smooth tropical cubic surface has 27 vertices, 36 edges, 36 rays, 10
bounded 2-cells, and 54 unbounded 2-cells. This is the case d = 3 in [12, Theorem 4.5.2].
Specifically, the 64 − 54 = 10 interior edges of T correspond to the bounded polygons in
the surface. These 10 polygons form the bounded complex of the tropical surface. This is
also known as the tight span. For cubics, it is contractible. We define the B-vector of the
triangulation T to be (b3, b4, b5, . . .), where bj denotes the number of j-gons in the tight span.
The GKZ-vector is (g0, g1, . . . , g19), where gi is the number of tetrahedra containing point i.
Example 2.1. The tropical cubic polynomial in (2) is identified with its coefficient vector
(44, 0, 1, 15, 19, 0, 9, 2, 4, 0, 38, 0, 15, 16, 4, 1, 33, 16, 14, 29). The subdivision of 3∆3 defined by
this vector is a unimodular triangulation T . Its 27 tetrahedra are presented by their labels:
(3)
{0, 1, 4, 10}, {1, 2, 5, 11}, {1, 4, 7, 13}, {1, 4, 10, 16}, {1, 4, 13, 19}, {1, 4, 16, 19}, {1, 5, 9, 11},
{1,7,9,15}, {1,7,13,18}, {1,7,15,18}, {1,9,11,15}, {1,11,15,18}, {1, 11, 18, 19}, {1, 13, 18, 19},
{2, 3, 6, 14}, {2, 3, 11, 14}, {2, 5, 9, 11}, {2, 6, 8, 14}, {2, 8, 9, 14}, {2, 9, 11, 15}, {2, 9, 14, 15},
{2, 11, 14, 15}, {3, 11, 12, 14}, {11, 12, 14, 17}, {11, 14, 15, 17}, {11, 15, 17, 18}, {11, 17, 18, 19}.
The GKZ-vector of this triangulation equals (1, 14, 9, 3, 5, 3, 2, 4, 2, 7, 2, 14, 2, 4, 9, 9, 2, 4, 7, 5).
For instance, the final entry 5 in this vector means that the label 19 occurs five times in (3).
The B-vector of (3) is (2, 4, 2, 2). To see this, we list the ten interior edges and their links:
{1, 13}, [4, 7,18,19] {1, 15}, [7, 9, 18, 11] {1, 18}, [7, 13, 19, 11, 15] {2, 14}, [3, 6, 8, 9, 15, 11] {2, 15}, [9,11,14]
{9, 11}, [1, 5, 2, 15] {11, 18}, [1,15,17,19] {11, 14}, [2, 3, 12, 17, 15] {11,15}, [1, 9, 2,14,17,18] {5, 11}, [1, 2, 9]
The link of an edge e in T is the graph of all edges in T whose union with e is a tetrahedron
in T . If e is an interior edge of the triangulation, then this graph is a cycle. For instance,
the link of the edge {9, 11} in T equals {{1, 5}, {5, 2}, {2, 15}, {15, 1}}. This graph is a 4-
cycle. The corresponding bounded 2-cell in the tropical cubic surface is a quadrilateral. The
triangulation (3) lies in the same S4-orbit as the as the one featured prominently in [9, §6.2].
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Each of the 36 bounded edges of the surface determines a linear inequality in the tropical
coefficients C0, C1, . . . , C19, expressing that the edge has positive length. The secondary cone
sec(T ) is the set of solutions to these inequalities. This is a full-dimensional cone in R20 with
4-dimensional lineality space. The number of facets of sec(T ) is between 16 and 36. The
secondary cone of the triangulation (3) has 16 facets. It contains the coefficient vector of (2).
The symmetric group S4 acts naturally on the 20 points in 3∆3. This induces an action on
the set of all triangulations. Note that S4 also acts on the set of GKZ-vectors. The S4-orbit of
the triangulation T from (3) has size 24. Equivalently, the stabilizer of T is trivial. The census
of unimodular triangulations and associated cubic surfaces is presented in Theorem 3.1.
We now come to tropical lines in 3-space. The characterization of how such lines can lie on
generic smooth tropical cubic surfaces is due to Panizzut and Vigeland [16]. Their list of ten
motifs is reproduced in Table 1. This table forms the foundation for our present study.
We identify R3 with the tropical projective torus R4/R1 by setting ω0 = −(e1 + e2 + e3),
ω1 = e1, ω2 = e2 and ω3 = e3. A tropical line in R3 is a balanced polyhedral complex given
by two 3-valent adjacent vertices, joined by one bounded edge, and four rays with directions
ω0, ω1, ω2 and ω3. If the bounded edge has length zero, the tropical line is degenerate. The
non-degenerate lines come in three labeled types, given by the direction of the bounded edge.
This direction is either ω0 + ω1 = −ω2− ω3 or ω0 + ω2 = −ω1− ω3 or ω0 + ω3 = −ω1− ω2.
We denote these three types of lines by 01|23, 02|13 and 03|12. This is shown in Figure 1.
Each tropical line L in R3 is encoded (up to tropical scaling) by its tropical Plücker vector
P = (P01, P02, P03, P12, P13, P23) ∈ R6.
The six Pij are the tropical 2 × 2 minors of a generic 2 × 4-matrix. A vector P ∈ R6 is the
tropical Plücker vector of a line if and only if it lies on the tropical hypersurface defined by
(4) P01P23 ⊕ P02P13 ⊕ P03P12.
This means that the minimum in (4) is attained at least twice. Equivalently, P is a height func-
tion on the six vertices of the regular octahedron which induces a split into two Egyptian pyra-
mids [12, Figure 4.4.1]. These constraints define the tropical Grassmannian Trop(G0(2, 4)).
The tropical line L is recovered from its Plücker vector P ∈ R6 by the following computation
in R4/R1. This is taken from [12, Example 4.3.19]. We start by identifying the pair of terms
in (4) which attains the minimum. Suppose P01 +P23 = P02+P13 ≤ P03 +P12, i.e., the labeled
type is 03|12. Then the tropical line L consists of the segment between the two points
(5)
q03 = (P02 + P03, P02 + P13, P02 + P23, P03 + P23) and
q12 = (P02 + P13, P12 + P13, P12 + P23, P13 + P23)
and the four rays q03 +R≥0 · ω0, q03 +R≥0 · ω3, q12 +R≥0 · ω1, q12 +R≥0 · ω2. The formulas for
the other two labeled types, 01|23 and 02|13, are the same after relabeling; cf. Figure 1.
In summary, the vertices qij and qkl of a tropical line L are computed from the Plücker
coordinates in (5). Conversely, the Plücker vector is obtained by taking the tropical 2 × 2
minors of the 2 × 4-matrix with rows qij and qkl. Here qij can be replaced by any point in
qij + (R≥0 · ωi ∪ R≥0 · ωj), and qkl can be replaced by any point in qkl + (R≥0 · ωk ∪ R≥0 · ωl).
The article [16] describes the various ways in which a tropical line L can lie on a cubic
surface S in 3-space. Here S is assumed to be smooth, i.e., the associated triangulation T is
unimodular. Furthermore, we require S to be generic in the precise sense of Section 5. On
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Table 1. The ten motifs from [16] for tropical lines on generic cubic surfaces.
Marked Lines Associated Motifs Necessary Conditions
Isolated Lines
j
i
l
k
3A
A
B
C
D
E
F
Exits: AB ⊆ Fi, BD ⊆ Fj ,
AC ⊆ Fk, EF ⊆ Fl,
AD ⊆ {xi + xj = 1}, CD ⊆ {xl = 1},
A 6= E, F and B 6= C.
j
i
l
k
3B
A
B
C
F
D
E
Exits: AB ⊆ Fi, AC ⊆ Fj ,
DF ⊆ Fk, EF ⊆ Fl,
BC ⊆ {xi + xj = 1}, DE ⊆ {xk + xl = 1},
A 6= D,E F 6= B,C and A 6= F .
j
i
l
k
3C
A
B
C
F
D
E
G Exits: AB ⊆ Fi, AC ⊆ Fj ,
DE ⊆ Fk, FG ⊆ Fl,
BC ⊆ {xi + xj = 1}, DE ⊆ {xl = 1} ∩ Fk,
A 6= D,E.
j
i
l
k
3D
A
B
C
D
E F
G
Exits: CE ⊆ Fi, AB ⊆ Fj ,
DE ⊆ Fk, FG ⊆ Fl,
CD ⊆ {xj = 1}, DE ⊆ {xl = 1} ∩ Fk,
E 6= A,B.
j
i
l
k
3E
A
B
C
D
E
F G Exits: AB ⊆ Fi, AC ⊆ Fj ,
DE ⊆ Fk, FG ⊆ Fl,
BC ⊆ {xk = 1} ∩ {xl = 1}.
j
i
l
k
3F
A
B
C
D
E
F
G
H Exits: CD ⊆ Fi, AB ⊆ Fj ,
EF ⊆ Fk, GH ⊆ Fl,
CD ⊆ {xj = 1} ∩ Fi, EF ⊆ {xl = 1} ∩ Fk.
j
i
l
k
3G
A
B
C
D
E
F Exits: CD ⊆ Fk, EF ⊆ Fl,
ABCD has exits also in Fi and Fj ,
CD ⊆ {xl = 1} ∩ Fk.
j
i
l
k
3H
A
B
C
D
E
Exits: CE ⊆ Fk, DE ⊆ Fl,
ABCD has exits also in Fi and Fj ,
CD ⊆ {xk + xl = 1}, E 6= A,B.
Families of Lines
j
i
l
k
3I
A
B
C
D
Exits: CD ⊆ Fk ∩ Fl,
ABCD has exits also in Fi and Fj .
j
i
l
k
3J A
B
C
D
E
Exits: BC ⊆ Fi ∩ Fj
DE ⊆ Fk ∩ Fl,
AD ⊆ {xj = 1}, AE ⊆ {xi = 1}.
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ωj
ωi
ωl
ωk
qij qkl
Figure 1. A non-degenerate tropical line of labeled type ij|kl in 3-space.
the line L we mark the points where L intersects edges or vertices of the surface S. These are
the bars and dots indicated on the tropical lines in the left column of Table 1. Each bar is
dual to a triangle in T , and each dot is dual to a tetrahedron in T .
Formally, a motif of a tropical cubic surface is one of the ten abstract simplicial complexes
3A, 3B, . . . , 3J which are listed in the middle column of Table 1. Each of them is equipped
with a labeling of its vertices by A,B, . . . and a marking of precisely four edges by i, j, k, l.
The number of vertices of the ten motifs range between four and eight; the marked edges
are the exits of the motif. The names of the motifs all start with the digit 3 to indicate the
degree of the tropical surface; there are more motifs for other degrees [16, Table 2]. In [16] the
authors distinguish between “primal motifs” and “dual motifs”. We use the term motif for what
is called “dual motif” in [16]. Following [16], our Table 1 uses xi, xj, xk, xl for the homogeneous
coordinates of the lattice points in 3∆3, and it uses the notation Fi = {x ∈ 3∆3 |xi = 0} for
the facets of the triple tetrahedron. The third column of Table 1 explicates the extra conditions
which must be satisfied by some edges in order for the motif to occur in T . These are derived
in the proof of [16, Proposition 23]. They will become important for us in Section 4.
3. Data, Software, and Lines on Cubics
A primary goal of the present work is to present a database for smooth tropical cubic
surfaces. In this section we explain our database and some of the relevant methodology. We
start with the classification of combinatorial types of our cubic surfaces. The proof of this
result is the computation reported in [11, Theorem 19], followed by an analysis of the orbits.
Theorem 3.1. The triple tetrahedron 3∆3 has precisely 344 843 867 regular unimodular tri-
angulations. These are grouped into 14 373 645 orbits with respect to the natural action of S4.
The distribution of orbit sizes is shown in Table 2.
Table 2. The distribution of orbit sizes among smooth tropical cubic surfaces.
About 99.93% of combinatorial types have no symmetry, i.e., the orbit size is 24.
3 4 6 8 12 24
3 15 25 82 10124 14363396
Remark 3.2. Each smooth tropical cubic surface in R4/R1 has four elliptic curves in its
boundary in the natural compactification in TP3. These are the tropical plane cubics which
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are dual to the induced triangulations of the ten lattice points in the triple triangle 3∆2.
That configuration has precisely 79 unimodular triangulations, all of which are regular. They
are grouped into 18 orbits with respect to the natural action of S3. Hence, we encounter
at most 794 = 38 950 081 triangulations of the boundary ∂(3∆3). This means that, on the
average, more than eight regular unimodular triangulations of 3∆3 induce the same boundary
triangulation.
Our database of combinatorial types of smooth tropical cubic surfaces is made available at
https://db.polymake.org/.
We offer a collection TropicalCubics within the database Tropical of polyDB [15]. This col-
lection can be accessed via a standard web interface. However, for best results, we recommend
the concurrent use of a recent version of the polyhedral geometry software polymake [5]. The
new polymake extension TropicalCubics [14] is the software companion to this paper.
For each of the 14 373 645 triangulations T in our database, the following annotations are
reported: the GKZ-vector, the B-vector, the orbit size with respect to the natural S4-action,
and a unique identifier. The identifier is an integer between 1 and 14 373 645. Frequently we
will use the symbol ‘#’ for marking identifiers. The triangulation (3) occurs as #5054117.
The facets of each triangulation are listed in lexicographic order. The representative for
a combinatorial type is chosen such that the GKZ-vector is lexicographically minimal within
the S4-orbit. Another important item in our database is a specific vector C ∈ R20 in the
interior of each secondary cone sec(T ). The vector C has nonnegative integer coordinates. It
is chosen to have the minimum possible coordinate sum. In order to find this vector, we had
to solve an integer linear programming problem. We did this using the software SCIP [6]. The
coefficients of the tropical polynomial (2) were derived from the triangulation (3) in this way.
Note that, in general, C is not generic as defined in Section 5.
One pertinent question is how to find a given triangulation in the database. Let us assume
that the triangulation is given by its list of facets as in (3). One way is to compute the GKZ-
vector and to then generate the lexicographically minimal representative within its S4-orbit.
This is the preferred method since it identifies the regular triangulation uniquely.
An alternative approach is to determine a canonical form of T as a simplicial complex. This
amounts to finding the isomorphism type of the incidence graph between the 20 vertices and
the 27 tetrahedra. The software nauty [13] is a standard tool for this problem. It computes a
canonical hash value, which is a 64-Bit integer that encodes the isomorphism type. This hash
value is also stored in our database. It can be used as an index to retrieve a triangulation
instantly. For the triangulation #5054117 from (3), the hash value equals 81 541 384.
The canonical hash value is a combinatorial invariant, but it is not unique. For instance,
both #1957163 and #3315847 are assigned the same hash value 1 000 016 429. These two
triangulations are not isomorphic as abstract simplicial complexes, as can be seen as follows.
Let v1, v2, . . . , vk and t1, t2, . . . , tl be an ordering of the vertices and the facets, respectively,
of a simplicial complex T . The incidence matrix J of T with respect to the chosen orderings
is the 0/1-matrix with Jij = 1 if vertex vi lies on the facet tj and Jij = 0 otherwise. We define
the Altshuler determinant of T as the nonnegative integer
max
(∣∣det(JJ>)∣∣, ∣∣det(J>J)∣∣).
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This does not depend on the orderings and is thus a combinatorial invariant [1, Theorem 3].
The Altshuler determinants of the triangulations #1957163 and #3315847 are 278 528 and
684 032, respectively. Hence these two are not isomorphic as abstract simplicial complexes.
Our database can be queried for Altshuler determinants directly.
It also happens that abstractly isomorphic triangulations form different S4-orbits. A ex-
ample is given by the pair of triangulations #10720721 and #14051499 (with 1 000 063 702
as their common canonical hash). Altogether there are 79 572 hash values (i.e., about 0.5%)
that correspond to two or more S4-orbits of triangulations. The maximal multiplicity of any
hash value is four. So, with high probability, nauty identifies the triangulation uniquely.
We now shift gears, with a discussion of the following basic problem. Given a non-degenerate
tropical line L and a tropical cubic surface S, decide whether S contains L. We present an
algorithm that solves this.
Let `(t) = [`0(t), `1(t), . . . , `m(t)] be an ordered list of linear polynomials in one variable t,
say `i(t) = αit + βi. An interval U in R is covered by `(t) if the minimum value in the list
`(u) is attained at least twice for all u ∈ U . This can only happen if some linear forms appear
multiple times in the list `(t). For the indices, we introduce the coincidence partition
(6) {0, 1, . . . ,m} = σ1 ∪˙σ2 ∪˙ · · · ∪˙σr,
where (i ∈ σk and j ∈ σl) implies (`i = `j if and only if k = l). We write `σk(t) for the linear
function `i(t) with i ∈ σk. The tropical polynomial function t 7→ min `(t) defines a partition
(7) U = U1 ∪ U2 ∪ · · · ∪ Us
into smaller intervals Ui with the following property: on each Ui precisely one function `σk(i)
attains the minimum among our r linear functions. Then `(t) covers U if and only if
(8) |σk(i)| ≥ 2 for all i ∈ {1, 2, . . . , s}.
The discussion above translates into an algorithm which we call the Covering Subroutine.
Its input is an interval U and a list `(t) of linear polynomials, and its output is a yes-no
decision whether U is covered by `(t). In the no-case, the Covering Subroutine also outputs a
rational number u ∈ U such that the minimum in `(u) is attained only once. In the yes-case,
the Covering Subroutine outputs the list of index sets σk(1), σk(2), . . . , σk(s), along with the
corresponding s− 1 tropical roots of min `(t). We call this list the covering certificate.
We are now prepared to decide whether a given tropical line lies on a given tropical cubic
surface. This is done by Algorithm 1, which makes five calls to the Covering Subroutine.
Example 3.3. We apply Algorithm 1 to P = (26, 6, 17, 7, 18, 0) and the cubic F given by
(9) C = (32, 17, 20, 41, 26, 17, 32, 33, 36, 54, 8, 1, 14, 4, 7, 18, 0, 0, 0, 0).
This vector induces the honeycomb triangulation #12369387 which was studied in [16, §6]:
{0, 1, 4, 10}, {1, 2, 5, 11}, {1, 4, 5, 13}, {1, 4, 10, 13}, {1, 5, 11, 13}, {1, 10, 11, 13}, {2, 3, 6, 12},
{2, 5, 6, 14}, {2, 5, 11, 14}, {2, 6, 12, 14}, {2, 11, 12, 14} {4, 5, 7, 13}, {5, 6, 8, 14}, {5, 7, 8, 15},
{5, 7, 13, 15}, {5, 8, 14, 15}, {5, 11, 13, 14}, {5, 13, 14, 15}, {7, 8, 9, 15}, {10, 11, 13, 16}, {11, 12, 14, 17},
{11, 13, 14, 18}, {11, 13, 16, 18}, {11, 14, 17, 18}, {11, 16, 17, 18}, {13, 14, 15, 18}, {16, 17, 18, 19}.
The tropical line defined by P is non-degenerate and of labeled type 01|23 because P02+P13 =
P03 + P12 = 24 < 26 = P01 + P23. Via (5) we find q01 = (19, 20, 0, 11) and q23 = (17, 18, 0, 11).
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Algorithm 1 Deciding if a non-degenerate tropical line L lies on a tropical surface S in R3
Input: The tropical Plücker vector P for L, and a tropical polynomial F that defines S.
Output: Either a certificate that L lies in S, or a point in the set difference L\S.
1: Determine the labeled type ij|kl of L
2: Compute the vertices qij and qkl of L via the formulas in (5)
3: Find parametrizations for the bounded edge and the four rays of L. These are linear maps:
[0, 1]→ [qij, qkl] and [0,∞)→ qij + R≥0 · ωi and · · · and [0,∞)→ qkl + R≥0 · ωl.
4: for each of the five linear maps above do
5: Substitute the map into F . Get an interval U and a list `(t) of linear polynomials.
6: Apply the Covering Subroutine to (U, `(t)) and obtain the answer yes or no.
7: if no then obtain u ∈ U , plug into linear map, and output resulting point in L\S.
8: end if
9: if yes then obtain the covering certificate (σk(1), σk(2), . . . , σk(s)) and save it.
10: end if
11: end for
12: if all five answers were yes then
13: Output the covering certificates for the bounded edge and the four rays of L.
14: end if
In all five iterations through steps 4–11, the answer is yes. The covering certificates σ are:
(10)
[q01, q23] has s = 1 and σ = ({14, 15})
q01 + R≥0ω0 has s = 1 and σ = ({14, 15})
q01 + R≥0ω1 has s = 2 and σ = ({14, 15}, {5, 8})
q23 + R≥0ω2 has s = 2 and σ = ({14, 18}, {11, 17})
q23 + R≥0ω3 has s = 1 and σ = ({15, 18})
There are two special points where the minimum in min `(t) is attained four times. At the
point q23, the minimum is attained thrice. The relevant index sets are cells in the triangulation.
They are the two tetrahedra {5, 8, 14, 15} and {11, 14, 17, 18}, and the triangle {14, 15, 18}.
These data identify an occurrence of the motif 3D, as we shall see in the next section.
Remark 3.4. Algorithm 1 can be turned into a method for finding all non-degenerate tropical
lines in a given tropical surface S in R3. Here is an alternative method for the same task. Let F
be the tropical polynomial defining S. First we compute the dome {(x, y) : x∈R3, y≤F (x)}.
This is an unbounded polyhedron in R4 which represents F . We obtain a description of the
surface S as a polyhedral complex by projecting the codimension 2 skeleton of the dome.
The maximal cells of S are obtained by a convex hull computation; cf. [9, §3]. From this
we enumerate the entire poset of cells of S; cf. [10, Algorithm 1]. Each pair of cells is a
candidate for possible locations of the two vertices qij and qkl. These points are described
as convex combinations of the cells’ vertices with unknown coefficients. Whether or not they
form the two vertices of a tropical line in S can be decided by checking the feasibility of a
linear program. Simon Hampe implemented a similar approach for tropical cubic surfaces.
This is the function lines_in_cubic in the polymake extension a-tint [8].
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4. Motifs and their Occurrences
We now turn to the ten motifs in Figure 1. We are interested in their occurrences in
the 14 373 645 unimodular regular triangulations of 3∆3. As before, our goal is the complete
classification of all combinatorial possibilities. We begin by stating our main result. The proof
is furnished by the discussion below, and by exhaustive computations using Algorithm 2.
Theorem 4.1. The number of occurrences of all motifs in the unimodular regular triangula-
tions of 3∆3 varies between 27 and 128. There are no such triangulations with precisely 122,
124, 125 or 127 occurrences. Figure 2 shows a histogram for the distribution.
20 30 40 50 60 70 80 90 100110120130
0
2
4
6
8
·105
20 30 40 50 60 70 80 90 100110120130
0
0.5
1
1.5
·107
Figure 2. The distributions of the total number of motifs, counting triangu-
lations (right) and counting orbits (left). The highest frequency occurs for 45
motifs, of which there exist 17 900 688 triangulations in 745 927 orbits; these
comprise about 5.12% of the total number of (orbits of) regular unimodular
triangulations of 3∆3. The minimum at 27 is attained by 34 096 triangulations
in 1426 orbits, and the maximum at 128 by 15 triangulations in two orbits.
In order for Theorem 4.1 to make sense, we must define the notion of occurrence. This
is a subtle matter, to be addressed next. Fix a regular unimodular triangulation T of 3∆3.
Let R be a motif, viewed as a labeled simplicial complex. A simplicial map from R to T
is an occurrence of R in T if the conditions in the third column of Table 1 are met. These
conditions include, in particular, a bijection from the set of exits {i, j, k, l} to the four facets
of the tetrahedron 3∆3. Such a simplicial map sends vertices of R to vertices of T , while faces
are mapped to faces. Often occurrences are embeddings, but occasionally it happens that two
vertices of R are mapped to the same vertex of T . We shall see this in Example 4.4.
An occurrence of a motif R in T is a map of simplicial complexes. One might think that
such a map is determined by the image of the set of vertices of R. This is not true! The same
subcomplex of T may support several occurrences of a motif. We now present an example.
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Example 4.2. The line L in Example 3.3 gives an occurrence of the motif 3D in the honey-
comb triangulation. The corresponding simplicial map is given by the assignments
(11) A = 11, B = 17, C = 18, D = 14, E = 15, F = 5, G = 8, i = 3, j = 2, k = 0, l = 1.
This uses our fixed ordering of the lattice points in 3∆3. The vertices of the occurrence are
A = (1101), B = (0201), C = (0210), D = (0111), E = (0120), F = (1011), G = (0021).
See the left diagram in Figure 3. We can verify the conditions in the third column of Table 1:
CE ⊂ F3, AB ⊂ F2, DE ⊂ F0, FG ⊂ F1, CD ⊂ {x2 = 1}, DE ⊂ {x1 = 1}.
The motif (11) is made visible in Example 3.3 by the line L in the surface S. Note how the
motif occurrence is seen in the covering certificates (10) that are furnished by Algorithm 1.
The above occurrence is special in that the exit edge {15, 18} lies in the intersection F0∩F3
of two facets of the triple tetrahedron. We can relabel the points and the exits as follows:
A = 5, B = 8, C = 15, D = 14, E = 18, F = 11, G = 17, i = 3, j = 1, k = 0, l = 2.
This gives another occurrence of a 3D motif in T . It is shown on the right in Figure 3.
F G
E
D
C
AB
A B
C
D
E
FG
Figure 3. Two distinct 3D motifs in the honeycomb triangulation that are
supported by the same set of vertices (cf. Example 4.2). Exit edges are marked.
We see that the same subcomplex of the honeycomb triangulation supports two distinct
occurrences of the motif 3D. However, it is impossible for both motifs to be visible in the same
cubic surface. For instance, consider the cubic S seen in Example 3.3, with coefficients (9).
The left occurrence in Figure 3 is visible in S: it is a line L with Plücker coordinates P . But
the right occurrence is not visible: there is no matching tropical line in S. To ascertain whether
an occurrence of a motif is visible in a specific cubic surface is our problem in Section 5.
We now present a basic procedure for finding all motif occurrences in a given triangulation.
In the crude form shown here, Algorithm 2 is too naïve to be useful. Note that the number of
vertices of a motif varies between four (type 3I) and eight (type 3F). For the 3F motif alone
we would need to enumerate and check 208 = 25.6 · 109 potential simplicial maps into T .
It is therefore essential to exploit symmetries and other simplifications. A symmetry of a
motif R is a simplicial bijection from the labeled simplicial complex R to itself such that the
conditions in the third column of Table 1 are preserved. Two symmetric occurrences of a motif
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Algorithm 2 Finding all motif occurrences
Input: Unimodular regular triangulation T of 3∆3.
Output: The list of all occurrences of motifs in T .
1: for each motif M do
2: for each map R from the vertices of M to the 20 lattice points in 3∆3 do
3: if R is simplicial into T and the conditions in Table 1 are satisfied then
4: output R.
5: end if
6: end for
7: end for
yield the same line in a given tropical surface (or none). The symmetries of a motif form a
group. The following lemma is derived by direct inspection from the data in Table 1.
Lemma 4.3. The ten motifs of tropical cubic surfaces have the following symmetry groups.
In each case, we present generators g1, g2, . . . of the symmetry group and a brief description:
(3A) g1 = (E F ). Cyclic group of order 2.
(3B) g1 = (B C)(i j), g2 = (A F )(B D)(C E)(i k)(j l). Dihedral group of order 8.
(3C) g1 = (B C)(i j), g2 = (D E), g3 = (F G). Elementary abelian group of order 8.
(3D) g1 = (A B), g2 = (F G). Elementary abelian group of order 4.
(3E) g1 = (B C)(i j), g2 = (D E), g3 = (B C)(D F )(E G)(i j)(k l). Nonabelian group
of order 16; it is the direct product of a cyclic group of order 2 (spanned by g1) and a
dihedral group of order 8 (spanned by g2, g3).
(3F) g1 = (AB), g2 = (C D), g3 = (E F ), g4 = (GH), g5 = (AH)(BG)(C F )(DE)(i k)(j l).
Nonabelian group of order 32. Here g1, g2, g3, g4 span an abelian subgroup of order 16.
(3G) g1 = (A B), g2 = (C D), g3 = (E F ). Elementary abelian group of order 8.
(3H) g1 = (A B), g2 = (C D)(k l). Elementary abelian group of order 4.
(3I) g1 = (A B), g2 = (C D). Elementary abelian group of order 4.
(3J) g1 = (B C), g2 = (D E). Elementary abelian group of order 4.
While taking all possible maps from the vertices of R into account is highly pessimistic, the
following example shows that occurrences of motifs are generally not embeddings.
Example 4.4. The motif 3F occurs in the triangulation #5054117 from (3) via the labeling
A = 15, B = 18, C = 11, D = 17, E = 14, F = 15, G = 2, H = 9, i = 2, j = 3, k = 0, l = 1.
In this occurrence, both A and F are mapped to the same point, labeled by 15.
To obtain Theorem 4.1, we developed a highly efficient version of Algorithm 2, we im-
plemented it in polymake, and we applied it to millions of triangulations. This required
substantial speed-ups, based on structural results that control the combinatorial explosion.
In the rest of this section, we present some of these results and we discuss how they are used.
We begin by deriving some constraints on how the vertices can be mapped in an occurrence.
Lemma 4.5. Vertex A is distinct from the vertices E and F in any occurrence of motif 3A.
Proof. Suppose that A coincides with E or F . Then A must have coordinates i, k and l equal
to zero. Moreover, the condition AD ⊆ {xi + xj = 1} implies that the coordinate j is equal
to one. This is impossible, since the four coordinates sum to three. 
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It may happen that the vertex B coincides with E or F in an occurrence of motif 3A. The
next lemma means that it helps that we are considering only non-degenerate tropical lines.
Lemma 4.6. Vertex E is distinct from the vertices A and B in any occurrence of motif 3H.
Proof. Suppose that E coincides with A or B. Then the vertex of the surface which is dual to
the tetrahedron ABCD lies on the edge dual to the triangle CDE. Therefore the line defined
by the motif is degenerate. This is not allowed in our definition of occurrence. 
A useful strategy for enumerating motif occurrences is to find the possible ways in which
the maximal simplices of a motif are mapped into the given triangulation. This comes with a
need for more book-keeping in Algorithm 2, to be used for further shortcuts. Before we reveal
more details, let us estimate some orders of magnitude. For instance, the 3A motif has two
triangles (of which there are 72 in any unimodular triangulation of 3∆3) and one tetrahedron
(of which there are 27), resulting in 139 968 combinations to consider. Yet we also need to
take the choices for the exits into account. This contributes another multiplicative factor of
4! = 24, yielding 3 359 232 cases as the grand total. So this is not directly viable either.
The key observation is that the various motifs have the following features. We call a
tetrahedron sided if it has one edge on a facet Fi of 3∆3 and the opposite edge lies on the
plane xi = 1. A tetrahedron is split if it has two opposite edges with prescribed exits. We
say that a tetrahedron is centered if the necessary conditions induce a bijection between its
vertices and the facets of 3∆3. Finally, a triangle in a motif is called dangling if it has two
edges with required exits. These features occur in the ten motifs as follows:
• The following tetrahedra are sided: CDEF in motif 3A, DEFG in 3C, BCDE and
BCFG in 3E, ABCD and EFGH in 3F, CDEF in 3G, ABCD and ABCE in 3J.
• The tetrahedron DEFG in motif 3D is split; so are CDEF in 3F and CDEF in 3G.
• The tetrahedron BCDE in motif 3B is centered.
• The triangle ABD in motif 3A is a dangling triangle, likewise ABC and DEF in 3B,
ABC in 3C, CDE in 3D, ABC in 3E, and CDE in 3H.
Sided tetrahedra yield a further simplification for identifying occurrences:
Lemma 4.7. Let τ be a sided tetrahedron in an occurrence of a motif with opposite edges e
and e′ respectively contained in Fl and {xl = 1}. Then the index l is uniquely determined,
i.e., there is no index m 6= l such that e is also contained in Fm and e′ in {xm = 1}.
Proof. Suppose that e is contained in two faces Fl and Fm. Then e lies on an edge of 3∆3,
and the edge e′ lies on the line {xl = 1} ∩ {xm = 1}. This implies that e and e′ are parallel.
However, this is impossible since they form opposite edges in a tetrahedron. 
So our strategy is to first enumerate the features of a given triangulation. By this we mean
all its sided, split and centered tetrahedra, as well as its dangling triangles. This is combined
with searching for larger and larger fragments of the occurrence of a motif by extending locally.
Let us see how this helps to find all occurrences of the 3A motif. Consider the triangulation
T = #5054117 from (3); see also Example 5.3 below. We start out by finding the candidates
for the sided tetrahedron CDEF , with the exit EF on facet Fl. With all the labelings, it
happens that there are 114 choices for this in T . Next we need to find the candidates for A.
Here it suffices to consider those which are in the link of the edge CD. For instance, there
are six vertices in the edge link for C = 15 and D = 11, which is typical. By Lemma 4.5,
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A must be distinct from E and F , reducing the number of candidates to four. Further we
can exclude any A where AC does not lie in the boundary of 3∆3. For the remaining ones
we try the three directions other than l, which is already fixed. The only item missing is the
vertex B. Assuming, e.g., A = 18 we need to check three candidates in the link of AD (four
minus one for C, because A 6= C) and two remaining exits. This roughly adds up to only
114 · 4 · 3 · 3 · 2 = 8208 cases, including all possible labelings. In fact, the enumeration is even
faster, as many of these cases can be ruled out early while the various conditions in Table 1
are being checked.
5. Schläfli Cones
In Section 4 we studied the occurrences of motifs in the 14 373 645 types of regular unimod-
ular triangulations of 3∆3. Their number per type ranges between 27 and 128. In this section
we focus on individual smooth tropical cubic surfaces from a fixed secondary cone sec(T ).
Every tropical line on a generic surface gives a motif that occurs in T . But the converse is
not true. An occurrence need not contribute a tropical line to a given surface.
Let T be a regular unimodular triangulation of 3∆3. Each point C in the corresponding
open secondary cone sec(T ) specifies a smooth tropical cubic surface SC . The surface SC is
dual to the triangulation T . Given an occurrence R of a motif in the triangulation T , we say
that R is visible in SC if there is a tropical line L in SC that has the dual complex R. We
writeMC for the set of all motifs that are visible in the tropical cubic surface SC .
We regard two vectors C and C ′ in sec(T ) as equivalent ifMC = MC′ . Each equivalence
class is a finite union of relatively open convex polyhedral cones in R20. The full-dimensional
cones among these are the Schläfli cones. Each facet of a Schläfli cone is defined by a linear
form in Z[c0, c1, . . . , c19]. This linear form is unique up to scaling. We identify this linear form
with the hyperplane it defines, and we call it a Schläfli wall for the type T . The collection of all
Schläfli walls defines a hyperplane arrangement in R20. The Schläfli fan of the combinatorial
type T is defined as the restriction of this hyperplane arrangement to the secondary cone
sec(T ). Every maximal cone of the Schläfli fan is fully contained in a Schläfli cone. Hence,
the setMC is constant for all cubic surfaces C in a fixed maximal cone of the Schläfli fan. A
tropical cubic surface SC is generic if its coefficient vector C lies in the interior of a Schäfli cone.
There are 14 373 645 distinct Schläfli fans. For each of these, Algorithm 3 computes the
Schläfli walls. We implemented this in Macaulay2 [7]. Here is one of the results we obtained.
Theorem 5.1. For each of the 1426 types of unimodular triangulations of 3∆3 with exactly
27 motifs found in Theorem 4.1, the secondary cone remains undivided in the Schläfli fan.
Among these, 1396 types feature isolated tropical lines only. The remaining 30 have precisely
one occurrence of motif 3I; in particular, motif 3J does not occur here.
The situation is different for many triangulations T with more than 27 motif occurrences.
Here, the Schläfli fan is nontrivial; it does divide sec(T ) into smaller cones, according to which
tropical lines lie on the various cubic surfaces. Each Schläfli wall arises (non-uniquely) from
some motif R that occurs in T . If one crosses from one Schläfli cone to a neighboring Schläfli
cone through the relative interior of a shared facet, then the setMC of visible motifs changes.
If a motif R is no longer visible then the Schläfli wall gives a linear inequality that is necessary
for R to be visible. We write WR for the set of Schläfli walls arising from the motif R.
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Lemma 5.2. Let R be an occurrence of a motif 3F, 3G or 3I in a combinatorial type T . Then
WR = ∅. In other words, R is visible in every tropical cubic surface of type T .
Proof. This was shown for the motifs 3G and 3I in [16, Proposition 23]. Now consider the
motif 3F. Suppose that R is an occurrence of 3F. The three tetrahedra ABCD, CDEF and
EFGH are dual to three vertices of SC . The necessary conditions on the edges in Table 1 allow
trespassing segments respectively in the directions ωj, ωi + ωj and ωl. Thanks to the exits of
the three tetrahedra, these segments can always be completed to a tropical line, irrespective
of the specific values of the parameters ci. 
We now explain how the set of walls WR can be computed for any of the other motifs. The
basic idea is this. Given R, we compute a tropical line that matches the combinatorics in R.
The line is uniquely determined by its two vertices. Their coordinates are linear forms in
C = (c0, c1, . . . , c19). In this section we use lowercase letters ci instead of uppercase letters Ci
for the coordinates of the tropical coefficient vector C, so as to make our tables more readable.
For specific real values of the 20 parameters ci, that tropical line may or may not be
contained in SC . We require that the line lies in SC in the manner prescribed by R. Each
vertex must lie on a cell of SC that is specified by the equality of two or more of the 20 linear
expressions whose minimum is the tropical cubic polynomial. We require that these linear
forms are equal and bounded above by the other ones. We consider these linear inequalities
together with those that define the secondary cone. They define the visibility cone of R in
the sec(T ). The irredundant linear inequalities for this cone give us the linear forms in WR.
A Schläfli cone is the intersection of the full dimensional visibility cones of the motifs that are
visible on the equivalence class it represents.
Algorithm 3 Computing the visibility cone and Schläfli walls of a motif
Input: Secondary cone of a unimodular regular triangulation T of 3∆3, and the occurrence
R of a motif in T
Output: Visibility cone and Schläfli walls of R
1: Compute the vertices of the tropical line L dual to R.
2: for each vertex V of L do
3: Substitute the coordinates of V in the 20 monomials of the tropical cubic polynomial.
4: Get linear inequalities by requiring that V lies on the prescribed cell of the surface.
5: end for
6: Construct the cone defined by these linear inequalities.
7: Compute the visibility cone by intersecting that cone with the secondary cone.
8: Remove redundant facets.
9: Output the visibility cone and Schläfli walls.
If all linear inequalities we found are redundant, then the visibility cone equals the secondary
cone. In that case, the motif is visible in each surface SC with C ∈ sec(T ), and we say that the
motif is globally visible. Thus, for the surfaces in Theorem 5.1, all motifs are globally visible.
If Algorithm 3 finds irredundant linear forms, then we distinguish two cases, according to
the dimension of the visibility cone. If the visibility cone is full dimensional, then we call the
motif partially visible. Finally, a visibility cone might not be full dimensional. This means
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Table 3. The triangulation #5054117 from (3) has 24 globally visible motifs.
Index Points Exits
Motifs 3B
0 9, 15, 7, 1, 18, 19 0, 1, 2, 3
Motifs 3D
1 9, 15, 2, 11, 1, 9, 15 1, 0, 2, 3
2 3, 14, 2, 11, 1, 15, 18 1, 0, 2, 3
3 9, 15, 2, 11, 1, 15, 18 1, 0, 2, 3
4 14, 15, 2, 11, 1, 15, 18 1, 0, 2, 3
5 3, 14, 2, 11, 1, 18, 19 1, 0, 2, 3
6 9, 15, 2, 11, 1, 18, 19 1, 0, 2, 3
7 14, 15, 2, 11, 1, 18, 19 1, 0, 2, 3
8 9, 15, 1, 11, 2, 3, 14 1, 3, 2, 0
9 9, 15, 1, 11, 2, 14, 15 1, 3, 2, 0
10 9, 15, 1, 11, 2, 9, 15 1, 3, 2, 0
11 2, 3, 14, 11, 17, 15, 18 0, 1, 2, 3
12 2, 3, 14, 11, 17, 18, 19 0, 1, 2, 3
Motifs 3F
13 15, 18, 11, 17, 14, 15, 2, 9 2, 3, 0, 1
14 18, 19, 11, 17, 14, 15, 2, 9 2, 3, 0, 1
Motifs 3G
15 9, 15, 2, 11, 3, 14 1, 3, 2, 0
16 9, 15, 2, 11, 14, 15 1, 3, 2, 0
17 9, 15, 1, 11, 15, 18 0, 1, 2, 3
18 9, 15, 1, 11, 18, 19 0, 1, 2, 3
Motifs 3H
19 7, 15, 1, 18, 19 0, 1, 2, 3
20 9, 15, 2, 14, 3 1, 3, 2, 0
Motifs 3I
21 1, 11, 9, 15 1, 2, 0, 3
22 2, 11, 9, 15 1, 2, 0, 3
Motifs 3J
23 11, 9, 15, 1, 2 0, 3, 1, 2
that it is contained in a linear space of positive codimension. A motif with visibility cone of
lower dimension is not visible in generic surfaces. We therefore call it hardly visible.
We now illustrate these concepts for the tropical cubic surface from Example 2.1.
Example 5.3. The triangulation #5054117 has 53 occurrences of the motifs 3A, 3B, . . . , 3J.
Their frequencies are 6, 5, 0, 24, 0, 2, 4, 7, 2, 1. Lemma 5.2 says that the motifs 3F, 3G and 3I
are globally visible. In the tables below, we list all motifs, together with their sets of Schläfli
walls WR. We describe how the Schläfli walls are computed for the motifs of type 3H. The
motif R consists of a tetrahedron ABCD and a dangling triangle CDE. One of the vertices of
the tropical line defined by R is dual to the tetrahedron. In order for the line to be contained
in the surface, the other vertex must lie on the edge dual to the dangling triangle, i.e., the
minimum in the tropical polynomial must be achieved at the monomials corresponding to C,
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Table 4. The triangulation #5054117 from (3) has 18 partially visible motifs.
Index Points Exits Schläfli walls
Motifs 3A
0 18, 17, 15, 11, 2, 9 0, 2, 3, 1 −c2 + c9 + c11 − c15 + c17 − c18,
c2 − c9 − c11 + 2c15 − c17 − c18 + c19
1 18, 19, 15, 11, 2, 9 3, 2, 0, 1 −c2 + c9 + c11 − c15 + c17 − c18
2 18, 19, 15, 11, 2, 9 0, 2, 3, 1 −c2 + c9 + c11 − 2c15 + c17 + c18 − c19
3 18, 17, 15, 11, 1, 9 0, 2, 3, 1 c1 − c9 − 2c11 + 2c15 + c17 − c18,−c1 + c9 + 2c11 − c15 − c17 − c18 + c19
4 18, 19, 15, 11, 1, 9 3, 2, 0, 1 c1 − c9 − 2c11 + 2c15 + c17 − c18
5 18, 19, 15, 11, 1, 9 0, 2, 3, 1 c1 − c9 − 2c11 + c15 + c17 + c18 − c19
Motifs 3B
6 17, 18, 11, 1, 15, 7 0, 2, 1, 3 c1 − c7 + c9 − c11 − c15 + c18,−c1 + 2c11 + c15 − c17 − 2c18 + c19
7 17, 18, 11, 1, 15, 9 0, 2, 1, 3 −c1 + c7 − c9 + c11 + c15 − c18,−c1 + 2c11 + c15 − c17 − 2c18 + c19
8 19, 18, 11, 1, 15, 7 0, 2, 1, 3 c1 − c7 + c9 − c11 − c15 + c18,
c1 − 2c11 − c15 + c17 + 2c18 − c19
9 19, 18, 11, 1, 15, 9 0, 2, 1, 3 −c1 + c7 − c9 + c11 + c− 15− c18,
c1 − 2c11 − c15 + c17 + 2c18 − c19
Motifs 3D
10 1, 9, 15, 11, 17, 15, 18 0, 1, 2, 3 −c1 + c9 + 2c11 − 2c15 − c17 + c18
11 2, 9, 15, 11, 17, 15, 18 0, 1, 2, 3 c2 − c9 − c11 + c15 − c17 + c18
12 1, 9, 15, 11, 17, 18, 19 0, 1, 2, 3 −c1 + c9 + 2c11 − 2c15 − c17 + c18
13 2, 9, 15, 11, 17, 18, 19 0, 1, 2, 3 c2 − c9 − c11 + c15 − c17 + c18
Motifs 3H
14 18, 19, 1, 13, 4 0, 2, 1, 3 −c4 + c7 + c13 − 2c18 + c19
15 11, 18, 1, 15, 9 0, 2, 1, 3 −c1 + c7 − c9 + c11 + c15 − c18
16 18, 19, 1, 13, 7 0, 2, 1, 3 c4 − c7 − c13 + 2c18 − c19
17 11, 18, 1, 15, 7 0, 2, 1, 3 c1 − c7 + c9 − c11 − c15 + c18
D and E. These linear inequalities define the visibility cone. Note that the occurrence 8 of
motif 3H in Table 5 is hardly visible, since its visibility cone is not full dimensional.
The list of partially visible motifs in Table 4 shows that the Schläfli walls generate a hyper-
plane arrangement defined by the seven linear forms:
H0 : c2 − c9 − c11 + c15 − c17 + c18
H1 : c2 − c9 − c11 + 2c15 − c17 − c18 + c19
H2 : c1 − c9 − 2c11 + 2c15 + c17 − c18
H3 : c1 − c9 − 2c11 + c15 + c17 + c18 − c19
H4 : c1 − c7 + c9 − c11 − c15 + c18
H5 : c1 − 2c11 − c15 + c17 + 2c18 − c19
H6 : c4 − c7 − c13 + 2c18 − c19
We write H+i and H
−
i for the two halfspaces defined by the signs of these linear forms.
Let’s look at the Schläfli walls from partially visible motifs of type 3B. The hyperplanes for
the Schläfli walls of these motifs are H4 and H5. They divide the secondary cone into four cells
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Table 5. The triangulation #5054117 from (3) has 9 hardly visible motifs.
Index Points Exits Schläfli walls
Motifs 3D
0 3, 14, 2, 11, 1, 9, 15 1, 0, 2, 3
c12 − 2c14 + c15, c1 − 3c5 + 2c9 + c11 + c14 − 2c15,
c9 − 2c12 + 3c14 − 3c15 + c17, c3 − 2c6 + c8, −c3 + 2c6 − c8
Equations:
2c3 − 3c6 + c9, c2 − c6 − c11 + c14, c2 + c3 − 2c6 − c11 + c15
1 14, 15, 2, 11, 1, 9, 15 1, 0, 2, 3 c1 − 3c5 + 2c9 + c11 + c14 − 2c15, −c3 + c9 + c12 + c14 − 2c15Equation: c2 − c9 − c11 − c14 + 2c15
2 15, 18, 1, 11, 2, 3, 14 1, 3, 2, 0
−2c6 + c8 + 2c12 − c17, c1 − 3c5 + c9 + c11 + c12 − c17
c8 − c9 − c17 + c18, c9 − c12 − c15 + 2c17 − c18,
Equations: c2 − c3 − c11 + c12, 2c2 − c3 − 2c11 + c17,
2c2 − c3 − 2c11 + c14 − c15 + c18
3 18, 19, 1, 11, 2, 3, 14 1, 3, 2, 0
−2c6 + c8 + 2c12 − c17, c1 − 3c5 + c9 + c11 + c12 − c17,
c8 − c9 − c17 + c18, −c1 + c11 + c13 − c18,
c9 − c12 + 2c17 − 3c18 + c19, c5 − c9 − c11 + 2c18 − c19,
Equations: c2 − c3 − c11 + c12, 2c2 − c3 − c7 − 2c11 + c13 + c14,
2c2 − c3 − 2c11 + c17, c7 − c13 − c15 + c18,
2c7 − 2c13 − c15 + c19
4 15, 18, 1, 11, 2, 9, 15 1, 3, 2, 0
c5 − c11 − c15 + c18, c1 − 3c5 + c11 + 3c15 + c17 − 3c18
Equations: c3 − 2c6 + c8, 2c3 − 3c6 + c9, c2 − c3 − c11 + c12,
c2 − c6 − c11 + c14, c2 + c3 − 2c6 − c11 + c15,
2c2 − c3 − 2c11 + c17, 2c2 − c6 − 2c11 + c18
5 18, 19, 1, 11, 2, 9, 15 1, 3, 2, 0
−c1 + c11 + c13 − c18, c5 − c11 − c18 + c19,
c1 − 3c5 + c11 + c17 + 3c18 − 3c19
Equations: c3 − 2c6 + c8, 2c3 − 3c6 + c9, c2 − c3 − c11 + c12,
c2 − c3 + c6 − c7 − c11 + c13, c2 − c6 − c11 + c14,
c2 + c3 − 2c6 − c11 + c15, 2c2 − c3 − 2c11 + c17,
2c2 − c6 − 2c11 + c18, 3c2 − c3 − 3c11 + c19
6 15, 18, 1, 11, 2, 14, 15 1, 3, 2, 0
c5 − c11 − c15 + c18, c1 − 3c5 + c11 + 3c15 + c17 − 3c18
Equations: c3 − 2c6 + c8, 2c3 − 3c6 + c9, c2 − c3 − c11 + c12,
c2 − c6 − c11 + c14, c2 + c3 − 2c6 − c11 + c15,
2c2 − c3 − 2c11 + c17, 2c2 − c6 − 2c11 + c18
7 18, 19, 1, 11, 2, 14, 15 1, 3, 2, 0
−c1 + c11 + c13 − c18, c5 − c11 − c18 + c19
c1 − 3c5 + c11 + c17 + 3c18 − 3c19
Equations: c3 − 2c6 + c8, 2c3 − 3c6 + c9, c2 − c3 − c11 + c12,
c2 − c3 + c6 − c7 − c11 + c13, c2 − c6 − c11 + c14,
c2 + c3 − 2c6 − c11 + c15, 2c2 − c3 − 2c11 + c17,
2c2 − c6 − 2c11 + c18, 3c2 − c3 − 3c11 + c19
Motifs 3H
8 9, 11, 1, 15, 7 0, 2, 1, 3 c2 − 3c5 + c7 + c9 + c11 − c15,Equation: c1 − c7 − c11 + c15
H+4 H
+
5 , H
+
4 H
−
5 , H
−
4 H
+
5 , H
−
4 H
−
5 . These four cells correspond in Table 4 to the occurrences
8, 6, 7 and 9, in this order. Each motif occurrence is visible in precisely that cell.
For the motifs of type D, we also have two hyperplanes H0 and H2. These give the Schläfli
walls that divide the secondary cone in four cells. In the cells H+0 H
+
2 and H
−
0 H
−
2 the motifs
11, 13 and 10, 12 are visible, respectively. In the cell H−0 H
+
2 none of the partially visible
motif is visible. Finally, on the cell H+0 H
−
2 all the partially visible motifs are visible.
Moreover, we note that when we pass through the Schläfli wall from H−0 to H
+
0 , the motifs
0 and 1 of type 3A are no longer visible, while the motifs 11 and 13 of type 3D become visible.
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In conclusion, in this section we finally introduced the object that gives our paper its name.
The Schläfli fan is a refinement of the secondary fan of 3∆3. The combinatorics of the tropical
lines on smooth tropical cubic surfaces is constant on each cone in the Schläfli fan. We
explained how the walls in this fan can be found. We performed the full computation for a
subset of the 14 373 645 symmetry classes, and we shared the details for class #5054117.
6. The Universal Fano Variety and its Tropical Discriminant
In this section we take a look at our computational results through the lens of classical
algebraic geometry. The natural parameter space for our problem is the universal Fano variety.
Its points are pairs consisting of a line and a cubic surface that contains it. The map onto the
second factor is a 27-to-1 cover of P19. The general fiber is the Fano variety of a fixed general
smooth cubic surface, namely its set of 27 lines. The branch locus is the discriminant. We
shall argue that the Schläfli fan plays the role of the tropical discriminant for this map.
We follow the approach to tropical geometry in the textbook [12]. Here, one starts with a
classical variety, defined by an ideal I in a (Laurent) polynomial ring over a field. Typical fields
are Q(t), C{{t}} or Qp, but we also allow fields with trivial valuation like C. The associated
tropical variety Trop(I) is the set of all weight vectors w whose initial ideal inw(I) contains
no monomials. This computer algebra approach is now applied to the universal Fano variety
for lines on cubic surfaces. Our point of departure is its defining ideal in the polynomial ring
in the unknowns pij and ck. This is the homogeneous coordinate ring of P5 × P19. The first
factor contains the Grassmannian G(2, 4) of all lines in 3-space as a quadratic hypersurface.
The quadric defining G(2, 4) inside P5 is the Pfaffian of the skew-symmetric matrix
P =
 0 p01 p02 p03−p01 0 p12 p13−p02 −p12 0 p23
−p03 −p13 −p23 0
 .
We have Pfaff(P) = p01p23−p02p13+p03p12. The line with Plücker coordinates (pij) consists of
all points in P3 whose homogeneous coordinate vector is in the image of the rank 2 matrix P .
The second factor P19 parametrizes cubic forms f . Its coordinates are (c0, c1, . . . , c19). Fix
a row vector of unknowns λ = (λ0, λ1, λ2, λ3) and form the vector-matrix product λP . We
write f(λP) for the polynomial obtained by replacing (w, x, y, z) with λP . Thus, f(λP) is a
homogeneous cubic in λ. Its 20 coefficients are bihomogeneous of degree (3, 1), like
(12) p01p12p13c5 − p
2
12p13c8 + p01p
2
12c7 − p12p213c6 − p312c9
+ p01p
2
13c2 − p201p12c4 − p201p13c1 − p313c3 + p301c0.
We write Iufv for the ideal that is generated by these 20 polynomials together with the Plücker
quadric Pfaff(P). That ideal lives in the polynomial ring Q[p01, p02, . . . , p23, c0, c1, . . . , c19].
The zero set of Iufv in P5 × P19 is the universal Fano variety of lines on cubic surfaces.
The ideal Iufv defines this scheme-theoretically. We consider the tropical universal Fano variety
Trop(Iufv) ⊂ TP5 × TP19.
By the Structure Theorem in Tropical Geometry [12, Theorem 3.3.5], this tropical variety
is a pure 19-dimensional balanced fan in the tropical torus. For simplicity, we disregard
boundary phenomena, and we replace the tropical projective space TPn with its dense tropical
torus Rn+1/R1. The former is compact while the latter is not. For a detailed discussion see
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[12, §6.2]. The points in Trop(Iufv) are the pairs consisting of a line in TP3 and a cubic surface
that contains the line. Here a tropical line is represented by its Plücker vector P ∈ R6, and a
cubic is represented by its coefficient vector C ∈ R20. A pair (P,C) lies in Trop(Iufv) if and
only if the ideal in(P,C)(Iufv) contains no monomial. We take this initial ideal in the Laurent
polynomial ring.
Example 6.1. The line given by P = (26, 6, 17, 7, 18, 0) lies on the cubic surface given by
C = (32, 17, 20, 41, 26, 17, 32, 33, 36, 54, 8, 1, 14, 4, 7, 18, 0, 0, 0, 0). This pair corresponds to the
motif of type 3D in Example 3.3; see the diagram on the left-hand side of Figure 3. We verify
the containment algebraically by checking that the initial ideal of Iufv contains no monomial:
(13) in(P,C)(Iufv) = 〈 p03p12 − p02p13 , p01c5 − p12c8 , p13c14 + p12c15 , p03c14 + p02c15,
p23c15 + p13c18 , p03c11 + p13c17 , p23c14 − p12c18 , p02c11 + p12c17 〉.
This ideal lives in the Laurent polynomial ring. Of course, the initial forms of the 20 new
generators of Iufv have bidegree (3, 1). For instance, the ten terms in (12) have weights
68, 68, 73, 75, 75, 82, 85, 87, 95, 110 in this order, so the initial form equals (p01c5−p12c8)p12p13.
The point (P,C) lies in the relative interior of a maximal cell of the tropical universal
Fano variety Trop(Iufv). This cell is a convex polyhedron whose inequality description is read
off from a Gröbner basis of Iufv. For instance, the polynomial (12) contributes the equation
P01 +C5 = P12 +C8 and eight inequalities, namely, P01 +C5 +P12 +P13 is bounded above by
P01 + 2P12 + C7 , 3P12 + C9 , P12 + 2P13 + C6 , P01 + 2P13 + C2,
2P01 + P12 + C4 , 2P01 + P13 + C1 , 3P13 + C3 and 3P01 + C0.
Such linear constraints, derived from polynomials in Iufv, define the cells of Trop(Iufv).
The maximal cones of Trop(Iufv) represent occurrences of motifs inside the 20 lattice points
of 3∆3. In particular, if we could compute this fan, then this would be an ab initio derivation
of the motifs 3A, 3B, . . . , 3J. These were derived geometrically in [16]. In the future, it would
be desirable to carry out such derivations by computer, via the algebraic framework in [12].
Remark 6.2. Motifs and their occurrences can be identified from initial ideals in(P,C)(Iufv).
For instance, the indices i of the eight unknowns ci that occur in the quadratic binomials in
(13) form the list (A,B,C,D,E, F,G,H) = (11, 17, 18, 14, 15, 5, 8) we saw in Example 4.2.
Now, unfortunately, it is very difficult to compute with the ideal Iufv. Even computing
a single Gröbner basis is hard. We struggled with this. For instance, the computation in
Example 6.1 only terminated after we imposed some degree constraints in Macaulay2. One
open problem naturally arising here is to find a tropical basis of Iufv. How far are the ideal
generators, one of degree (2, 0) and twenty of degree (3, 1), from being a tropical basis? The
tropical prevariety they define strictly contains Trop(Iufv), but how different are these two?
We skirt this issue. Instead we offer a perspective on how the Schläfli fan fits into a broader
theory, yet to be developed, for discriminants of morphisms in tropical algebraic geometry.
We propose the following approach. Let X be a tropical variety in TPd × TPn and φ
the projection from X onto the second factor TPn. We assume that φ is onto, so we have
dim(X ) ≥ n. Let X (n−1) be the subcomplex of X consisting of all cells of dimension at most
n− 1. This complex is also balanced. It is a tropical variety in its own right. We think of this
as the ramification locus of φ. The image φ(X (n−1)) plays the role of the branch locus. We call
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this image the tropical discriminant of the map φ. It is a tropical variety of codimension one
in TPn, with weights given by the Sturmfels–Tevelev multiplicity formula [12, Lemma 3.6.3].
Example 6.3. The tropical discriminants in [3] are a very special case of this construction.
Let A be a configuration of n + 1 points in Zd, and consider hypersurfaces in TPd that are
defined by polynomials with these n + 1 terms. We write C = (Ca : a ∈ A) for the vector of
coefficients, and P = (0, P1, . . . , Pd) for a point in TPd. The universal tropical hypersurface is
the tropical variety X in the product space TPd × TPn that is defined by the polynomial
(14)
⊕
a∈A
Ca  P a =
⊕
a∈A
Ca  Pa11  Pa22  · · ·  Padd .
The map φ : X → TPn is surjective. The fiber φ−1(C) is the hypersurface in TPd whose
tropical polynomial has coefficients C. The tropical variety X has dimension n+d− 1. It is a
fan with
(
n+1
2
)
maximal cones, one for each pair of terms in (14). The subfan X (n−1) consists
of
(
n+1
d+2
)
cones of dimension n− 1. On each such cone, the minimum among the n + 1 terms
in (14) is attained by a fixed set of d + 2 terms. Hence the regular polyhedral subdivision of
A defined by C is not a triangulation. This implies that the image φ(X (n−1)) consists of the
cones of codimension ≥ 1 in the secondary fan of A. In particular, the tropical discriminant
defined above contains that of [3]. The difference arises from the distinction between the
A-discriminant and the principal A-determinant; see [4].
Remark 6.4. The complexity of X (n−1) is generally much smaller than that of its image under
the projection φ. This phenomenon is familiar from computer algebra (cf. elimination theory)
and optimization (cf. extended formulations). In our context, take A = 3∆3 in Example 6.3.
The universal cubic surface X in TP3 × TP19 has only (20
2
)
= 190 maximal cones, whereas its
discriminant φ(X (n−1)) forms the walls between many more than 344 843 867 cones in TP19.
We now come to the main theoretical result in this section. The role of points will be played
by lines. An analogous result holds for Fano varieties of arbitrary hypersurfaces (14). We here
restrict to cubic surfaces in TP3, to keep things simple and to remain faithful to our title.
Proposition 6.5. Let X = Trop(Iufv) be the tropical universal Fano variety in TP5 × TP19,
and φ the map onto the second factor, i.e., the space of tropical cubic surfaces. The tropical
discriminant of φ is contained in the union of the codimension 1 cones in the Schläfli fan.
The latter is a subset of the union of the Schläfli walls.
Proof. All cubics C in the interior of one fixed Schläfli cone have the same visible motifs. The
corresponding lines P vary linearly in C. Hence the set of cells in X that are intersected by
the fiber φ−1(C) remains constant throughout that Schläfli cone. These cells all have the full
dimension 19. In particular, φ−1(C) is disjoint from X (18) for C in the interior of a Schläfli
cone. This shows that this interior is disjoint from the tropical discriminant of φ. 
We close this section with a brief discussion of a closely related universal family. It lives in
P3 × P19, where P3 parametrizes the planes in the ambient space of the cubic surface. Each
plane {u0x0 + u1x1 + u2x2 + u3x3 = 0} intersects a cubic surface in a plane cubic curve.
The plane is a tritangent plane if the plane cubic decomposes into three lines. The universal
Brill variety is the 19-dimensional irreducible variety consisting of all pairs (u, f), where
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u = (u0 : u1 : u2 : u3) is a tritangent plane to the cubic surface {f = 0}. The map from this
variety onto P19 is a 45-to-1 covering, since a general cubic surface has 45 tritangent planes.
We now introduce a bihomogeneous ideal that defines this variety. It is denoted Ibri and lives
in Q[u0, u1, u2, u3, c0, c1, . . . , c19]. To construct some generators, we start with a polynomial
ring in 10 unknowns, namely the coefficients of a ternary cubic. In this ring we consider the
prime ideal of codimension 3 and degree 15 of all polynomials that vanish on factorizable
cubics. This variety is an instance of what is known as the Chow variety, and its equations
are known as Brill equations. This prime ideal is generated by 35 quartics in the 10 unknowns.
We now derive 35 generators of Ibri. We set x3 = − 1u3 (u0x0 + u1x1 + u2x2) in f , and we
clear denominators to get a ternary cubic whose coefficients are cubics in u0, u1, u2, u3. We
substitute these cubics into the Brill equations and we remove factors of u3. This yields 35
equations of bidegree (7, 4) in (u, c). Let Ibri be the ideal generated by these 35 bihomogeneous
polynomials. We are interested in the resulting tropical universal Brill variety
X = Trop(Ibri) ⊂ TP3 × TP19.
Points in this 19-dimensional fan are pairs consisting of a tropical cubic and a tritangent plane.
The maximal cones of Trop(Ibri) represent occurrences of triple motifs in 3∆3. In particular, if
we could compute this fan, then this would lead to an ab-initio derivation of all triple motifs.
We close with the remark that the tritangent planes correspond to the 45 triangles in the
Schläfli graph. This is the 10-regular graph whose vertices are the 27 lines, and whose edges
are incident pairs of lines. The motifs and triple motifs that occur in a triangulation can be
seen as a structure in tropical combinatorics for annotating and extending the Schläfli graph.
7. The Eight-Point Model for Cubic Surfaces
Many experiments and data sets were reported in this paper. Yet, some of the algebraic
computations we desire are still out of reach for the full family of cubic surfaces. To remedy
this situation and to facilitate computations, we propose the eight-point model for cubics:
(15) aw2x+ bwxy + cx2y + dxyz + ey2z + fwyz + gwz2 + hwxz.
Here a, b, c, d, e, f, g, h are scalars in a field. The tropicalization of the eight-point model is
(16) AW
2X ⊕ B WXY ⊕ C X2Y ⊕ D XY Z
⊕ E  Y 2Z ⊕ F WY Z ⊕ G  WZ2 ⊕ H WXZ.
Geometrically, the model (15) means that we consider surfaces containing the four coordi-
nate points and requiring the tangent planes at these points to be fixed coordinate planes.
Each smooth cubic surface can be brought into this sparse form by an automorphims of P3.
The universal Fano variety for (15) lives in P5 × P7, and it has a 27-to-1 map onto P7. Its
ideal Iufv is defined as before, but now in K[p01, p02, p03, p12, p13, p23, a, b, c, d, e, f, g, h]. It has
21 minimal generators. Here K is any field of characteristic different from 2 and 3.
Proposition 7.1. The ideal Iufv of the universal Fano variety for the eight point model (15)
is the intersection of six primes and one embedded primary ideal, which is irrelevant for P5.
Each of the minimal primes is characterized by the set of Plücker coordinates it contains:
Plücker coordinates: pc02 pc13 {p02, p13} {p02} {p13} ∅
# minimal generators: 5 5 7 13 13 11
# lines contributed: 1 1 5 5 5 10
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Explanation and proof. The columns of the table describe the six minimal prime ideals of Iufv.
We write pcij for the set of five Plücker coordinates other than pij. Thus the first two columns
of the table simply refer to the coordinate lines {w = y = 0} and {x = z = 0}. Each cubic
surface (15) contains these two lines. The other four prime ideals have 7, 13, 13 and 11 minimal
generators respectively. Line 3 in the table gives the degree of the covering onto P7. The third
prime contributes five lines that intersect precisely two of the coordinate lines. The fourth
and fifth prime each contribute five lines that meet one of the coordinate lines. The last prime
contributes ten general lines, with Plücker vector in the dense torus of P5.
This result was obtained by a direct computation using the software Macaulay2 [7]. To be
explicit, here are seven bihomogenous generators for the third minimal prime ideal of Iufv:
〈 p03p12 + p01p23, p201c− p01p12d− p12p23g + p01p23h , p03p23a+ p01p23b+ p212e− p12p23f,
p02 , p13 , p01p03c+ p01p23d+ p
2
23g + p03p23h , p
2
03a+ p01p03b− p01p12e+ p01p23f 〉.
This ideal expresses each pij as an algebraic function of degree five in the unknown coefficients
a, b, c, d, e, f, g, h of the cubic. The other three minimal primes are similarly explicit, and
they furnish algebraic functions of degree 5, 5 and 10 respectively. This accounts for all
1 + 1 + 5 + 5 + 5 + 10 = 27 lines on the smooth cubic surfaces in the eight-point model. 
Here is a smooth cubic surface in the eight-point model we found especially beautiful:
Example 7.2. Let K be a nonarchimedean field with uniformizer t, and consider the cubic
f = xyz + xyw + xzw + yzw + t · (w2x+ x2y + y2z + z2w).
The surface {f = 0} is smooth in P3K , provided char(K) 6= 2, 3. Its special fiber over the residue
field of K is Cayley’s cubic surface with four nodes. It turns out that each of the 27 lines
on the cubic surface {f = 0} can be written in radicals over K. The explicit expressions are
found by decomposing the specializations of the six components of the Iufv in Proposition 7.1.
Suppose now that the ground field is K = Q(t). Then we can examine the cubic surface in
P3 for various real values of t. This complex projective surface is smooth for t ∈ R\{−1, 0, 1}.
For |t| > 1, precisely 7 of its 27 complex lines are real. For 0 < |t| < 1, all 27 lines are real.
These 27 real lines degenerate to the nine triple lines on Cayley’s cubic surface for t = 0.
The tropical cubic surface Trop(f) is tropically smooth in TP3. The corresponding trian-
gulation, with GKZ vector (3, 6, 3, 6, 3, 6, 3, 6), consists of nine tetrahedra. This is encoded
compactly in its Stanley-Reisner ideal 〈ad, ae, bg, cf, cg, eh〉. We depict this tropical surface
in Figure 4. It is symmetric with respect to the cyclic group of order four that acts on (15).
We now turn to the classification of tropical cubic surfaces in the eight-point model (16).
Theorem 7.3. The tropical polynomial (16) is the support function of a 3-polytope with 8
vertices and normalized volume 9. This configuration has 86 regular triangulations in 24 sym-
metry classes. Among these are 19 unimodular triangulations in 6 symmetry classes:
Orbit size GKZ vector representative (a, b, c, d, e, f, g, h)
1 (3, 6, 3, 6, 3, 6, 3, 6) (1, 0, 1, 0, 1, 0, 1, 0)
2 (3, 6, 6, 3, 3, 6, 6, 3) (3, 0, 0, 1, 3, 0, 0, 1)
4 (3, 4, 5, 4, 3, 8, 3, 6) (3, 1, 0, 0, 1, 0, 1, 0)
4 (3, 4, 5, 2, 5, 6, 3, 8) (3, 1, 0, 1, 0, 0, 2, 0)
4 (3, 4, 6, 3, 3, 8, 4, 5) (1, 0, 0, 2, 4, 0, 1, 0)
4 (3, 4, 6, 1, 5, 6, 4, 7) (1, 0, 0, 3, 1, 0, 2, 0)
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Proof. Let A be the configuration of 8 points in 3-space that is the support of (15) or (16).
The polytope in question is its convex hull. This 3-dimensional polytope has ten facets:
abef , cdgh , abc , ach , agh , afg , bce , cde , deg , efg.
The derivation of its regular triangulations is a computation, using either an algebraic or a
geometric approach. In the algebraic approach we compute the principal A-determinant
(17) a3bc3de3fg3h · (ae− bf) · (cg − dh) · (4a3b2d7f 3g + 16a4cd6ef 3g + · · ·+ 4b3ce3f 2h7).
The last factor in (17) is the A-discriminant, which has 225 terms of degree 16. The binomial
factors are the two square facets of A. The GKZ vectors are found as the exponent vectors of
the initial monomials of (17). The third column shows weight vectors that select these. 
Figure 4. The triangulation of the eight-point configuration and the tropical
cubic surface of Example 7.2. The red tetrahedron corresponds to the Cayley
cubic xyz + xyw + xzw + yzw which appears in the special fiber of our family.
Remark 7.4. Up to and including Section 5 we were concerned with non-degenerate tropical
lines and their motifs only. The approach via the universal Fano variety allows us to see all
tropical lines in tropical cubic surfaces. In Proposition 7.1 the ten lines with empty Plücker
coordinates are the non-degenerate ones. These correspond to motifs as in Table 1, and they
can be found by applying the Algorithm 2 to the triangulations listed in Theorem 7.3.
Remark 7.5. The sum of the second and the sixth vector representative in Theorem 7.3
induces a triangulation of our eight points that is not unimodular. Therefore, the support of
the unimodular secondary fan is not convex. The same holds for the twenty points in 3∆3.
The tropical universal Fano variety can be computed explicitly for the family (15). This is
done by computing the tropical variety for each of the six minimal primes of the ideal Iufv.
Example 7.6. We compute the tropical variety X of the third prime component of Iufv.
This is done after removing the generators p02, p13, so we work with an ideal with five gen-
erators in the Laurent polynomial ring in 4 + 8 = 12 variables. The tropical variety X is
4-dimensional modulo its lineality space. Among the 12 rays are the eight coordinate vectors
a, b, c, d, e, f, g, h. The Gröbner fan structure is simplicial, given by a simplicial complex with
f-vector (12, 52, 92, 60). The unique coarsest fan structure has 36 maximal cells, namely 24
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tetrahedra and 12 bipyramids. For each of these, the initial ideal of our prime is toric in the
Laurent polynomial ring. Here are four of the tetrahedra in X , listed with their initial ideals:
tetrahedron in X toric initial ideal
{b, d, e, g} 〈ap03 − fp12, cp01 + hp23〉
{a, c, e, h} 〈bp01 − fp12, bp03 + fp23, dp01 + gp23〉
{a, d, f, h} 〈bp03 − ep12, cp01p03 + gp223, cp201 − gp12p23〉
{a, b, d, h} 〈ep01+fp03, ep12−fp23, cp01p03+gp223, cp201−gp12p23〉
From these toric initial ideals we can identify the pattern of how the line lies on the cubic
surface (16). This is analogous to the identification of a motif for 3∆3 seen in Remark 6.2.
The 27 lines on the tropical surfaces (16) come in six classes, one for each of the minimal
primes in Proposition 7.1. The first two give lines that lie at infinity in TP3. Only the other 25
lines are seen in the tropical torus R3. The 5 tropical lines in the third class are also classical
lines. These are the ones in Example 7.6. The 5 + 5 lines in the fourth and fifth class lie in
classical planes, exhibiting the familiar picture of a tripod for a tropical line. Finally, the 10
tropical lines in the sixth family have four rays and a bounded edge; cf. Remark 7.4.
We close with the remark that the Schläfli fan makes sense also for subfamilies of 3∆3. For
the eight-point model, we found that the visibility cones with respect our ten original motifs
3A, 3B, . . ., 3J coincide with their ambient secondary cones in R8. Hence, for the family of
cubic surfaces (15), the Schläfli fan simply equals the unimodular part of the secondary fan.
Remark 7.7. Theorem 7.3 shows that the eight-point model encodes cubic surfaces very
efficiently. The numbers 19 and 6 are the analogues to the two big integers in our abstract.
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